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Abstract 
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47-57. 
We describe topographs and their connection with groups. 
1. Topographs 
A topograph is an oriented graph together with a mapping (topography) from 
the set of its vertices into any right segment of the set Z of integers. The image of 
a vertex under a given topography is the altitude of that vertex. Our graphs are 
such that every edge has a unique inverse edge going the opposite way. A 
geometric edge is a pair of mutually inverse edges and when we depict graphs the 
un-arrowed line segments will stand for geometric edges. Figure 1 gives an 
small squares 
are vertices 
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example of a topograph. This ‘cube’, as we shall explain later, corresponds to the 
group of isometries of the square. 
A peak in a topograph is a subgraph made of two adjacent geometric edges and 
which looks like one of the three graphs shown in Fig. 2. 
The middle vertex s in these graphs is of altitude at least as high as the altitudes 
of the extreme vertices with at least one of the inequalities strict. Vertices of same 
altitude may coincide and there may be edges starting at s and ending at vertices 
of higher altitude. A reduction of a peak is a path connecting the extremities of 
the peak and such that all vertices of the path except possibly its endpoints are of 
altitude less than the altitude of the middle vertex of the peak. A topograph is 
reducible if all peaks are reducible. 
Example. Let 17 be a connected graph and u a vertex in it. For every vertex u in 
II set t(u) to be the length of the shortest path from u to u. Then t defines a 
topography which makes Il reducible. 
This example shows that every 
making it a reducible topograph. 
2. Groups 
graph can be assigned a nontrivial topography 
Let G be a group acting on a set S as a group of permutations. Choose a 
generating set B for G and denote B * = B U B ‘. We define a graph r = 
T(G, B, S) as follows: its vertices are the elements of S and for every s in S and 
every b in B * there is an edge in r starting at s and ending at b . s. We label this 
edge by b and its inverse by bP’. 
s, b . b.s 
Example. If S = G and the action is the obvious one, then r is the Cayley graph 
of G on B. 
Assign a topography to the graph T(G, B, S). Peaks in T(G, B, S) are uniquely 
determined by their middle vertices and by the labels of their edges starting at the 
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middle vertices, so that we may unambiguously denote peaks by (b, c, s) (b,c E 
B*, s E S). If t is the topography, then for any vertex s and any b E B’ we denote 
the number t(b . s) - t(s) by A,b and call it the slope of b at s. 
3. Presentations 
Every reducible topograph r = T(G, B, S) determines a presentation of a 
quotient group of the group G. We explain this below. 
The labels of the edges of r determine a mapping A from the set of paths in r 
into the free group F(B), freely generated by B. If a peak (b, c, s) is reducible 
and if p is its reducing path, then b . A(p) . c -’ is an element of F(B) which we 
call the reducing element of that peak. If T(G, B, S) is a reducible topograph, 
then we denote by 54,. sets of reducing elements of all the peaks in r. 
For every u in S, denote by Y, the subgraph of the component of the graph r 
containing u and spanned by the vertices of minimal altitude in that component. 
Denote by G, the stabilizer of u in G (G, = {g E G 1 g. u = u}). For a subgroup 
K of a group L, we denote by NL (K) or by N(K) the normal closure of K in L. 
Theorem 1. Let T(G, B, S) be a reducible topograph and let u be a vertex in r. 
Then 
is a presentation of the group GIN(G,). 
Proof. Denote by QU the component of r containing u and set H = A(r,(@“, u)). 
The kernel of the obvious epimorphism F(B)+ G-+ GIN(G,) is the group N(H) 
(straightforward proof), so that the groups F(B) /N(H) and GIN(G,) are iso- 
morphic. For the rest, it suffices to prove that H and 9 = Pi?,. U h(?r,(Y,, u)) have 
the same normal closure in the group F(B). 
All elements in 9’ are in N(H) because A(rr, (Y,, u)) is a subgroup of H, and 
because some conjugates of the elements in C!Br are in H. 
Suppose now that y E H. We shall prove that y is in the normal closure of 9 in 
F, and then the theorem follows. 
Assume first that the vertex u is in the graph Y,; so, it is of minimal altitude in 
@“. 
Since y E H, its lift at u in Tis a loop I = e,e2 . . . e,. Suppose bi is a label for ei, 
i=l,2,. . . , r. If all the vertices in I are of the minimal altitude t(u), then 1 is a 
loop in Y,, so that y E A(rl(Yur u)). Otherwise, there is i, 1 i i zs r, such that the 
initial vertex u of e, is of maximal altitude in I, and such that (b,-, , bi, u) is a peak 
in r. Since r is reducible, there exists a reducing path p of that peak (see Fig. 3). 
The path e,e2 . . . ei_2peie,_,t?m, . . . 2, is a loop at u in r, so that the 
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pe,e,_ 1, so that y is in the normal closure of 8 if and only if 
zy is there. The lift e,e2 . . . ei_,pei+,ei+, . . . e, of zy at u (which is a loop, since 
zy is in H) has fewer than y vertices of the maximal altitude t(u). The result now 
follows by induction on the number of vertices of altitude t(u) in 1, and on the 
maximal altitude of the vertices in 1. 
Suppose now that u is any vertex in r (not necessarily of minimal altitude in 
@“). Using the above method, it is easy to find an element y’ in the group H, such 
that y’y ’ is in the normal closure of B in F(B), and such that the lift of y ’ at the 
vertex u in the graph r is a conjugate of a loop 1’ at some vertex in Y,. The 
previous case then implies that the element A(Z’) is in the normal closure of 9 in 
F(B). Hence, the element y’ is there, and finally, y is in the normal closure of P 
in F(B) as well. Cl 
Of course, A(T,(Y,, u)) in the statement of the theorem may be replaced by any 
set normally generating it. This theorem enables us to search for presentations by 
looking for suitable topographies. We proceed by considering examples. 
4. Dihedral groups 
Suppose that G = D,, is the dihedral group of order 2m, i.e. D,, is the group 
of isometries of a regular polygon with m sides. Take B to be {R = reflection, 
p = rotation} and S to be D,,. Thus, the graph r(G, B, S) is in this case the 
Cayley graph of the group D,, on the generating set B. Define a topography t for 
the graph T(G, B, S) as follows: for every y in D,, , t(y) = 1 if y inverts the cyclic 
orientation of the edges in the corresponding polygon, and t(y) = 0, if y preserves 
the cyclic orientation of the edges of the polygon. A picture of the topograph 
T’(D,, B, S) is at the beginning of this paper (Fig. 1). The only possible peaks, as 
well as their reducing paths (in dashed lines), are depicted in Fig. 4. 
The set of reducing elements determined by the reducing paths depicted in this 
picture is {R*, p-‘Rp-‘R, RpRp}. It is easy to see that h(7~r(Y,, u)) is in this case 
generated by pm, so that Theorem 1 implies that 
(R, P; R2, PRPR, P”> 
is a presentation for the group D,, (the ‘standard’ presentation). 
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5. Symmetric groups 
Denote by S,,, the group of permutations of the set {1,2, . . . , m}. The group 
S, is generated by the set T of all transpositions. The element in T which 
permutes i and j is denoted by (i j). 
Consider the action of S, on the set V of all m-tuples (i,, i,, . . , i,), 
i,E{1,2,. . . ,m}, j=l,2,. . .) m and ii # i, if j # k. This action is transitive, 
and for every IJ in V, the group (S,), is trivial. So, r = T(S,, T, V) is the graph 
of the group S, on the generating set T. An inversion of a tuple u = 
(ii, i,, . . . , i,) is a pair (ii, ik) of coordinates in u, such that j < k and i, > i,. 
Define a topography h on the graph r as follows: for every u in V, h(u) is the 
number of inversions in u. A picture of the topograph r in case m = 3 is shown in 
Fig. 5. It is clear that the slope A,h is never zero. 
Suppose that ((u, /3, u) is a peak in r. Consider the following cases (a, b, c, d 
are four distinct elements of the set { 1,2, . . . , m}): CY = (a b) (Case l), (Y = (a b) 
and p = (b c) (C ase 2) and (Y = (a b) and /!I = (c d) (Case 3). 
Since the slopes of LY and p are nonzero, and since ((Y, p, u) is a peak, we must 
have that both A, a and A,p are strictly less than zero. 
Case 1. The trivial path is a reducing path of the peak in this case. The 
reducing element is (a b)2. 
Case 2. We split this case into six subcases, with respect to the mutual position 
of a, b and c in u = o(u). 
Case 2.1: u = (. . . a. . . b . . . c . . .). A,p < 0 implies that b > c. So, A,(b c) < 
0. We find that (b c) . ( a c ) is a reduction, and that (a b) . (b c) . (a c) . (b c) is the 
corresponding reducing element. 
(only some of 
the labels are shown) 
Fig. 5. 
Case 2.2: u = (. . . a . .c . . . b . . .). A,/? < 0 implies that b > c. If a > c, then 
A,(a c) < 0. If a < c, then, since a < c < 6, we have A,(a c) < A,(a b). In both 
cases, we have that (a c) . (a b) is a reduction of the peak. The corresponding 
reducing element is (a b) . (b c) . (a b) * (a c). 
The other four subcases can be handled similarly; they do not produce new 
reducing elements. 
Case 3. We find that (c d) . (a b) 1s a reduction, and that (a b) . (c d) * (a b) . (c d) 
is the corresponding reducing element. 
To sum up, we have found the following set of reducing elements of (all) the 
peaks in Z: 
k?4! = {a’ 1 a E T} U {a(a b)cY(aa ba) 1 a, (a b) E T} . 
As a consequence of Theorem 1, we obtain the following theorem. 
Theorem 2. ( T; !3! ) is a presentation for the group S,. 0 
(See for example [l] for a list of presentations for S, ; the most recent 
presentation for S, I was able to find is in [2].) 
Observation. Let Y be any (not necessarily finite) set, and let S,(Y) be the group 
of permutations of Y, fixing all but finitely many elements in Y. Denote by T the 
set of transpositions in this group. Using the above argument (literally), we get 
the following extension of the last theorem. 
Theorem 2’. ( T; %! ) is a presentation for the group S,(Y). 
6. Groups of extended permutations 
We denote by F,,, the free group freely generated by the set X= 
{ x1,x2,. . . , x,} and by Aut F,,, the group of automorphisms of that group. The 
group of extended permutations ES,,, is the subgroup of Aut F, consisting of the 
automorphisms which permute the set X’. The group ES,,, is generated by the set 
T of transpositions (x, xi): xi* xj, x,* xi, the other elements of X are fixed 
(i,jE {1,2,. . . , m}, i # j) and by the set Z of inversions r, : xi-+ x,-l, the other 
elements of X are fixed (i E {1,2, . . . , m}). It acts on the set 
v*={(x,F:,x;; )...) x:;) ( (i, , i,, . . . , i, ) is a permutation of 
(192, . . , ml, q E (1, -1)) . 
Hence we have the graph T(ES,, T U I, V*). We define a topography h *: 
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(only some of 
the labels are shown) 
Fig. 6. 
h*(x;;, . . . , x,“,-) is the number of inversions in (i,, . . . , i,). The topograph in 
case m = 3 is depicted in Fig. 6. 
The only peaks in this topograph which are essentially different from those 
considered in the previous example are the ones labelled by one transposition and 
one inversion. They are also reducible and (xix,). ri. (x, xj)rj is their reducing 
element. Observe also that inversions are the only elements of our chosen 
generating set that preserve altitudes, that the group A(n,(Y,, u)) in this case is 
normally generated by the set {rf 1 i = 1,2, . . . m} and that the stabilizers are 
trivial. We may now utilize Theorem 1: 
Theorem 3. 
(T,Z;~,{~~,(X,X~).Y~.(X~X,).~,I~,~E{~,~ ,..., m}}) 
is a presentation of the group ES,,,. 0 
7. The group Aut F,,, 
This is where the method of ‘reducing peaks’ has been used for the first time 
and this is where almost all of the work has been done. It started with Whitehead 
[18, 191 who solved the equivalence problem in Aut F,,,: there is an algorithm to 
decide, given two cyclic elements (that is, conjugacy classes of elements) of F,, 
whether there exists an automorphism in Aut F,,, mapping one onto the other. A 
compact and (relatively) easy-to-read proof was given by Lyndon and Higgins [5]; 
it uses Whitehead’s ideas via Rapaport’s interpretation [15]. They considered the 
topograph T(Aut F,,,, W, Fi), where FL is the set of cyclic elements of F, the 
topography is the length of the cyclically reduced elements and 74’” is a generating 
set for Aut F, described below. The set W consists of the extended permutations 
and of the (later called) Whitehead automorphisms of II type (W-auto- 
morphisms). A W-automorphism (A; a) (A C X’, a E A, a-l $A) is defined as 
follows: x* ax, if x # a, x E A and X-’ g’A; x- axa-‘, if X,X-’ E A; x-x, 
otherwise. The following theorem is easily recognizable in [5]. 
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Theorem 4. The topograph T(Aut F,, W, FK) is reducible. 0 
Application ([5, 15, 18, 191, The First Whitehead Problem). There is an algorithm 
solving the equivalence problem. 
It follows from the definition of the above topograph that two cyclic elements u 
and u are equivalent if they are in the same component of r(Aut F,,,, W, Fk). 
Theorem 4 then implies that the following procedure decides whether these two 
vertices are connected by a path: start from u and go along the edges decreasing 
the altitude as much as possible to reach a vertex U’ of minimal (in that 
component) altitude (the path S, in Fig. 7); similarly, obtain u’ from u (path 6, in 
Fig. 7); there is a path y connecting u and u iff there is a flat path 6, (all vertices 
of same altitude) connecting U’ and v’; the latter can be checked in finitely many 
steps since there are finitely many vertices of a fixed altitude. 
McCool [12] refines and extends the above theorem to a surprisingly nice effect 
[13]. (We denote below by S” the set product S X S X . . . X S (n times).) 
Generalization 1 [12]. The topographs T(Aut F,, W, (Fk)“) and 
T(Aut F,, W, (F,)“) (n E Z’) are reducible. (The topographies are sums of the 
corresponding lengths: cyclic for FL and ordinary for F,.) 
Application 1 [12]. Theorem 1 applied to the second topograph (with m = n) 
produces a presentation ?I’,,, of the group Aut F, on the generating set W. (As it 
happened, the set of reducing elements of all the peaks in these topographs is 
finite so that g,,, is finite too.) 
Application 2 [13]. Stabilizers in Aut F,,, of finite tuples of (cyclic) elements of F,,, 
Fig. 7. 
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are finitely presented (bonus: un algorithm). (This needs Generalization 1, but is 
not a straightforward consequence of it.) 
Consequence [ 131. Every mapping class group (being a stabilizer of one fixed cyclic 
element) is finitely presented. (That was a long-standing unsolved problem of that 
time .) 
Theorem 4 (and part of Generalization 1) has been in turn generalized by 
Gersten [4]: he considers the action of Aut F,,, on the set SC of conjugacy classes 
of finitely generated subgroups of F,. That determines the graph 
T(Aut F,,,, 74, SC). The ‘eureka’-part of his work is the choice of topography of 
that graph: he identifies F,,, with the fundamental group of the one-vertex graph 
made of a wedge of m-many circles; then every conjugacy class of (finitely 
generated) subgroups of F,,, is uniquely determined by the corresponding covering 
of the wedge of circles; the altitude is taken to be the number of vertices in the 
core of that covering (the core is the covering minus the edges not belonging to 
nontrivial reduced loops). He calls this topography complexity. Surprisingly, he 
discovered that one needs only terminological changes in the proof of Theorem 4 
to get: 
Generalization 2 [4]. The topography G(Aut F,,,, W, (SC)“) (n E Z’) is reducible. 
The same modification, applied this time to the proof of Application 2 as in 
[13], gives: 
Application 1 [4]. Stabilizers of conjugacy classes of finitely generated subgroups of 
F,,, are finitely presented (bonus: an algorithm). 
Application 2 ([4], solution to the (sometimes called) Second Whitehead 
Problem). There is an algorithm to decide if two (conjugacy classes of) finitely 
generated subgroups of F,,, are equivalent in Aut F,,,. (The algorithm works 
similarly as the one solving the First Whitehead Problem.) 
Gersten’s generalization is generalized and extended in [9, lo]: suppose G is a 
finite subgroup of Aut F,,, permuting X2 and let Au&F, denote its centralizer. 
The group Aut,F,,, is generated by a finite set G W (G W coincide with W when G 
is the trivial group). It acts on the set GS (GS’) of G-invariant finitely generated 
subgroups (conjugacy classes of subgroups, respectively) of F,,,. Hence the 
corresponding topographs, with complexity (in the case of conjugacy classes) or 
slightly altered complexity (in the case of subgroups) as topographies. Here is the 
generalization: 
Generalization 3 [9, lo]. The topographs T(Aut,F,,,, GW, (GS)“) and 
T(Aut,F,, GW, (GS’)“) (n E E+) are reducible. 
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Application 1 [9, lo]. Stabilizers in Aut,F, of jinite tuples of (conjugacy classes 
of) finitely generated G-invariant subgroups of F, are finitely presented (bonus: an 
algorithm). (Moreover [9, lo], the stabilizers in Aut,F, of finite tuples of 
elements of F, U Fi U S U SC U GS U GS’ are finitely presented; hence Aut,F, 
itself (being the stabilizer of (x1, x2, . . . , x,)) is finitely presented.) 
If H is any finite subgroup of Aut F,,,, then it is shown in [9, lo] (using some 
results of KrstiC [S] and Culler [3]) that the centralizer of H in Aut F,,, is the 
stabilizer in Aut,F, of a certain G-subgroup of F,,,. It follows from Application 1 
that the following is true. 
Application 2 [9, lo]. Centralizers of finite subgroups of Aut F, are finitely 
presented (bonus: an algorithm). 
Application 3 [9, lo]. Automorphisms groups of free-by-finite groups are finitely 
presented. (This has also been proved (independently) by KrstiC [S] who previous- 
ly proved finite generability [7]; the link between Application 1 and Application 2 
was established earlier by McCool [14].) 
8. Note 
The method of reducible topographs as described above seems to be suitable for 
groups acting on countable sets. Compare the following two problems: 
Problem 1. The matrices 
freely generate a subgroup L of the group M = GL(2, Z) [16]. Prove directly that 
there are no nontrivial peaks in the Cayley topograph of L with sum of the 
absolute values of the entries of the matrices as topography, and hence deduce 
the above result. (This is straightforward; it reduces to showing that some 
inequalities of integers imply some other inequalities.) 
Problem 2. The mappings x -+ x3 and x+ x + 1 freely generate a subgroup of 
the group of all continuous mappings R+ R, where R stands for the set 
of real numbers [17]. Prove this by finding a topography for the Cayley graph 
of that free group which makes it with no nontrivial peaks. (This seems to be 
difficult .) 
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